ABSTRACT. A characterization of the set of discontinuities for different density--type-approximately continuous functions is given.
Introduction
It is well-known that the following two statements for a set A ⊂ R are equivalent (see [G] ):
(i) A is an F σ set, (ii) there is a function f : R → R such that A is the set of discontinuities of f .
An analogous result has been established for approximately continuous functions (see [B, p. 48 
]):
Ì ÓÖ Ñ 1.1º The following two statements for a set A ⊂ [a, b] are equivalent:
(i) A is dense in [a, b] and of type G δ .
(ii) There is an approximately continuous function f such that A is the set of continuities of f .
The aim of this paper is to verify whether the same result can be established for some density-type topologies. Our main result is as follows:
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(ii) There is a continuous function f : (R, τ) → (R, O) (orf : (R 2 , τ) → (R, O)) such that A is the set of discontinuities of f , where τ denotes one of the following topologies: the density topology [W1] , simple density topology [WA] , complete density topology [WW] , ψ-density topology [TW-B] , s -density topology generated by a sequence s [FH] (respectively density, strong density [W1] , product of density topologies or ordinary ψ-density topology on the plane [F] ) and O stands for the Euclidean topology.
The main idea of the proof comes from [P-WS] , where a theorem for the density topology case was proved (as in [B] ).
What is interesting the situation in the category case (I-density topology) is different. Some additional assumptions of a set A are needed to receive the existence of I-approximately continuous function f : (R, T I ) → (R, O) for which A is equal to the set of all points of ordinary discontinuity (see [W2] ).
Definitions and basic facts about density type topologies
Each of the topologies mentioned above is defined as a family of those Lebesgue measurable sets A such that each point of A is a point of some kind of density of A:
where L denotes the σ-algebra of Lebesgue measurable sets on the line, and Φ(A) denotes the set of some kind of density points of A for A ∈ L. We obtain different topologies by using different type of densities.
Ò Ø ÓÒ 2.1 ([W1])º We say that a point x ∈ R is a density point of A ∈ L if and only if lim
where λ stands for the Lebesgue measure on the line. We denote the density topology by T.
, [TW-B] )º Let C denote the class of continuous increasing
Let ψ ∈ C. We say that x ∈ R is a ψ-density point of A ∈ L if and only if
where A denotes a complement of the set A.
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We denote the set of ψ-density point of A by Φ ψ (A), so ψ-density topology T ψ is defined by
The set of all simple density point of A will be denoted by Φ s (A), so the simple density topology T s is given by
The set of all complete density points of A will be denoted by Φ c (A), so the complete density topology T c is defined by
Ò Ø ÓÒ 2.7 ( [FH] )º Let S be the family of all unbounded and nondecreasing sequences of positive reals. Every sequence {s n } ∈ S is denoted by s .
The set of all s -density points of A will be denoted by Φ s (A), so s -density topology T s is defined by
ÈÖÓÔÓ× Ø ÓÒ 2.8 ( [FH] )º For every sequence s ∈ S, the following inclusion
T ⊂ T s holds and T = T s if and only if lim inf
Let L 2 denote the σ-algebra of Lebesgue measurable sets on the plane, and for h > 0 and p
where λ 2 stands for the Lebesgue measure on the plane. The set of all ordinary density points of A will be denoted by Φ 2 (A) and the ordinary density topology T 2 is defined by
The set of all strong density points of A will be denoted by Φ 
The set of all ordinary ψ-density points of A will be denoted by Φ
Ò Ø ÓÒ 2.14º For every topology τ which was mentioned above, we say that a function is τ -approximately continuous if it is continuous as a function 
Proof of the main theorem
(ii) =⇒ (i) follows immediately from Proposition 2.18 and Corollary 2.16 for each topology considered here since the set of discontinuities of a Baire one function is a first category F σ set [ L] .
(i) =⇒ (ii)
Let A be an F σ first category set. There exists a countable set C and a sequence of pairwise disjoint nowhere dense perfect sets P i such that A = i∈N P i ∪ C (see [S, vol. II, p. 537] ). First, we want to build a T ψ -approximately continuous function which is discontinuous at the point 0.
Since ψ ∈ C, there exists n 0 ∈ N such that ψ
Since for h → 0 + we have n tending to +∞, so 0 ∈ Φ ψ (B ) and B ∈ T ψ , because each point from B \ {0} is an inner one in the Euclidean topology.
Let
, n ∈ N, linear and continuous for x ∈ a n ,
Then h 0 has the desired properties.
We define h(x) = 0 if C = ∅. Otherwise, let {r n } n∈N be an enumeration of a considered countable set C. We define
Then the series is uniformly convergent on R, so by Proposition 2.17, the function h is T ψ -approximately continuous. For a given n 0 , the function
h n is continuous at the point r n 0 . Thus,
h n is discontinuous there. Therefore h is discontinuous on C, and continuous on C .
Let P be a nowhere dense perfect set. Let {I n } n∈N be the family of connected bounded components of the complement of P. Let n∈N z n < +∞ such that z n > 0 for n ∈ N. We denote by J n an interval centered at the midpoint of I n and such that
Let p ∈ P. We want to show that
We can assume that p is not a left end-point of any I n (since in the opposite case there exists h > 0 such that
We fix n 0 ∈ N. Then there exists h > 0 such that
Let {n k } k∈N be a subsequence of {n} n∈N consisting of all n k 's such that
Then n k > n 0 for any k ∈ N.
It is easily seen that h >
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Therefore,
Since for n 0 → +∞ the rest 0 series
z n tends to 0, we have
The argument similar to that above shows that also
We define g P to be 0 on the complement of n∈N J n , g P (J n ) = [0, 1] for n ∈ N and g P continuous on I n , n ∈ N. Then g P is T ψ -approximately continuous everywhere and discontinuous exactly at all points of P. Now, for each set P i , i ∈ N, we define a function g i (x) = 1 3 i g P i (x) and let g(x) = i∈N g i (x). The function g is T ψ -approximately continuous everywhere and continuous at all points from the complement of i∈N P i .
To end the construction, let f = g + h. Of course, f is T ψ -approximately continuous and the set A is exactly the set of discontinuities of f .
T c -case. Let ψ : R + → R + be given by
An easy computation shows that if for an arbitrarily chosen set A, A ⊂ R, if
For any non-decreasing function ψ transforming R + into R + and such that lim x→0 + ψ(x) = 0, we can define a ψ-density topology as for a function from C and for each function with such properties, we can find a function from the family C such that the topologies regulated by these two functions coincide [AW] .
Therefore, there exists a function ψ ∈ C such that T ψ ⊂ T c , hence the function from T ψ -case works for T c case.
T s -case. According to Proposition 2.6, the function from T c -case is also T s -approximately continuous on R.
T s -case. Obviously, it follows from the theorem for approximately continuous functions [B] , since the approximately continuous function is also T s -approximately continuous on R. Since ψ ∈ C, then there exists n 0 ∈ N such that ψ
Since for h → 0 Then h 0 has the desired properties.
Let P be a nowhere dense perfect set
Consider the squares of the following form: Now, in each square I n = S (k,m,p) , n ∈ N, we put a closed square J n centered at the midpoint of I n with sides parallel to the axis and such that
Let z ∈ P, r > 0, and let n(r) = min n ∈ N : Q(z, r) ∩ J n = ∅ . Then there exists exactly one number p ∈ N such that n(r) ∈ {n p−1 + 1, . . . , n p }.
We denote this number by p(r). Thus, the square Q(z, r) has common points with at least one of the squares J n p(r)−1 +1 , . . . J n p(r) . Therefore
Hence for r → 0, n(r) tends to +∞ and p(r) tends to +∞.
The task is to show that z is a T 0 ψ density point of the complement of n∈N J n . It follows that for r > 0:
.
Next, we build a function which is T 0 ψ -approximately continuous and which is discontinuous on P. We define g P to be 0 on the complement of n∈N J n ,
We have shown that P ⊂ Φ 0 ψ n∈N J n . Of course, n∈N J n \ P is contained in the interior in the Euclidean topology of the set n∈N J n , so n∈N J n ∈ T 0 ψ . Since arbitrarily close to the each point of P, we can find the square J n , n ∈ N, the function g P has the desired properties.
Let A be an F σ first category set. As in T ψ -case, we find a countable set C and a sequence of nowhere dense perfect sets P i such that A = i∈N P i ∪ C and a construction of the function h which is T 0 ψ -approximately continuous and discontinuous only on C can be also done almost in the same manner.
Let g i = ψ -approximately continuous function (Proposition 2.17) and it is discontinuous at any point from i∈N P i . Indeed, if x ∈ i∈N P i , then denoting by i 0 the smallest index such that x ∈ P i 0 , we get osc(g i 0 , x) = , x) > 0. Of course, when x / ∈ i∈N P i , then g is continuous at x. The function f = g + h, where h is defined for the set C as in T ψ -case, is the desired one.
T × T -case. We can repeat the construction of the function from the previous case if we can build a T × T -approximately continuous function which is discontinuous at the point (0, 0) and for a nowhere dense perfect set P we can define
